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This paper considers the dynamic stability of a harmonically base-excited cylindrical shell carrying a top mass. Based on
Donnell’s nonlinear shell theory, a semi-analytical model is derived which exactly satisﬁes the (in-plane) boundary condi-
tions. This model is numerically validated through a comparison with static and modal analysis results obtained using ﬁnite
element modelling. The steady-state nonlinear dynamics of the base-excited cylindrical shell with top mass are examined
using both numerical continuation of periodic solutions and standard numerical time integration. In these dynamic analyses
the cylindrical shell is preloaded by the weight of the top mass. This preloading results in a single unbuckled stable static
equilibrium state. A critical value for the amplitude of the harmonic base-excitation is determined. Above this critical value,
the shell may exhibit a non-stationary beating type of response with severe out-of-plane deformations. However, depending
on the considered imperfection and circumferential wave number, also other types of post-critical behaviour are observed.
Similar as for the static buckling case, the critical value highly depends on the initial imperfections present in the shell.
 2007 Elsevier Ltd. All rights reserved.
Keywords: Dynamic stability; Cylindrical shells; Geometrical imperfections; Semi-analytical approach; Beating1. Introduction
Due to their favourable stiﬀness-to-mass ratio, thin cylindrical shells are encountered in a wide variety of
applications. It is well known that under compressive loading, such structures may loose their stability, that is
they buckle. The classical static buckling analyses of axially compressed perfect cylindrical shells (based on
linearized small deﬂection theory, see Brush and Almroth, 1975; Yamaki, 1987) predict many closely spaced
buckling loads with buckling modes being sinusoidal both in axial direction and in circumferential direction.
Experiments on the static buckling of axially compressed cylindrical shells reveal a large scatter in the obtained
buckling loads and notorious discrepancies with the results obtained from the classical static buckling analyses0020-7683/$ - see front matter  2007 Elsevier Ltd. All rights reserved.
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cylindrical shape (geometric imperfections) and the boundary conditions have been widely accepted as con-
tributing to the poor correlation between the experimental results and the classical static buckling results.
In practice, thin-walled structures are often not only subjected to a pure static loading but to a combination
of static loading and dynamic loading. For example, aerospace structures are often dimensioned based on the
loading conditions during launch (Wijker, 2004). During launch, the propulsion forces will accelerate the
structure resulting in inertia forces consisting of a summation of static loads and vibrational type of loads.
The resistance of structures liable to buckling, to withstand such dynamic loading is often addressed as the
dynamic stability of these structures. The situation where the source of the dynamic loading is due to the
movements of the base on which a thin-walled structure carrying a component with some weight is resting,
is often encountered in practice. The research described in this paper deals with such a situation in the form
of a thin cylindrical shell with top mass subjected to harmonic base-acceleration, see Fig. 1.
Due to the harmonic base-excitation and the weight of the top mass, the cylindrical shell under consider-
ation is loaded in axial direction by a combination of a static load and a time dependent load. Indeed, already
in many papers the dynamic stability of harmonically axially loaded thin cylindrical shells is considered (Even-
sen, 1967; Gonc¸alves and Prado, 2002; Pellicano and Amabili, 2003; Catellani et al., 2004; Jansen, 2005; Pel-
licano and Amabili, 2006). However, these studies consider parametric instabilities of cylindrical shells
without a top mass, i.e. axi-asymmetrical vibration modes are excited through a Mathieu type of instability
around excitation frequencies equal to two times the eigen-frequency of an axi-asymmetrical vibration mode.
Due to the top mass, a relatively low frequent resonance corresponding to axi-symmetrical vibrations is intro-
duced (far below the parametric instability regions). In this paper, the dynamic stability of the shell around
this resonance is studied using a semi-analytical approach.
The derived semi-analytical model of the shell is based on Donnell’s nonlinear shell theory (Donnell, 1976).
The eﬀect of in-plane inertia is neglected, resulting in two static equilibrium equations for the in-plane ﬁelds and
one dynamic equilibrium equation for the out-of-plane ﬁeld. For the case of in-plane boundary conditions in
terms of membrane forces, the equilibrium equations are usually written in terms of an in-plane stress function
and the out-of-plane displacement ﬁeld (Evensen, 1967; Gonc¸alves and Prado, 2002; Pellicano and Amabili,
2003; Catellani et al., 2004; Jansen, 2005). By solving the stress-function analytically for an assumed expression
of the out-of-plane displacement ﬁeld, the number of independent displacement ﬁelds is reduced from three to
one, resulting in a model with a minimum of degrees of freedom (i.e. a static condensation is performed). The
stress-function approach is, however, less straightforward for the case when the boundary conditions involve the
in-plane displacements (as considered here). Another approach which allows to include the eﬀect of in-plane
inertia and satisfying exactly the in-plane boundary conditions, is to discretize all three displacement ﬁelds using
global shape functions (Amabili, 2003a; Amabili, 2003b; Pellicano and Amabili, 2006; Pellicano, 2007). A draw-
back of this approach, however, is that the resulting models have relatively many degrees of freedom.Fig. 1. Base excited cylindrical shell with top mass.
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1987; Koga, 1988; Liu, 1988; Amabili, 2003b), an alternative static reduction approach is followed here which
solves directly the in-plane displacement ﬁelds in terms of the out-of-plane displacement ﬁeld. The obtained
expressions for the in-plane displacement ﬁelds satisfy exactly the in-plane boundary conditions for the cylin-
drical shell with rigid end-disks. Note that a comparable approach, however only for one speciﬁc three mode
expansion of the out-of-plane displacement ﬁeld, is followed in Tamura and Babcock (1975). The resulting
nonlinear model is numerically validated through a comparison with static and modal analysis results
obtained using ﬁnite element modelling (FEM). The steady-state nonlinear dynamics of the base-excited cylin-
drical shell with top mass is examined using numerical continuation of periodic solutions for a varying exci-
tation frequency and by using standard numerical integration.
In the analysis, the inﬂuence of geometrical imperfections is taken into account. For the case of paramet-
rically induced instabilities it is known that geometrical imperfections have a very mild inﬂuence on the
dynamic critical loads (Catellani et al., 2004; Pellicano and Amabili, 2006; Mallon et al., 2006). Base-excited
cylindrical shells carrying a top mass are previously studied for the case of shock loading in Tamura and Bab-
cock (1975) and for harmonic loading in Pellicano and Avramov (2007). However, in Pellicano and Avramov
(2007) diﬀerent boundary conditions for the top mass are considered (completely free instead of radially and
rotationally restrained) and only beam-type modes are considered. Experimental results regarding parametric
instabilities of a base excited cylindrical shell with a free top edge (i.e. no top mass) are reported in Bond-
arenko and Galaka (1977). Results for a base-excited thin beam with top mass can be found in Mallon
et al. (2006). An extensive review of the research performed on the nonlinear vibrations of cylindrical shells
until 2003 can be found in Amabili and Paı¨doussis (2003).
Summarizing, the contributions of this paper are the presented static condensation approach of the in-plane
ﬁelds, the validation of the resulting semi-analytical model through a comparison with results obtained using
FEM and the dynamic stability results, including an imperfection sensitivity analysis, obtained for the (rela-
tively) low frequent dynamic loading conditions.
The outline for the paper is as follows. The next section will deal with the derivation of the equations of
motion. In Section 3, buckling of the cylindrical shell under a static loading will be discussed and a modal
analysis will be performed. The inﬂuence of initial imperfections will be illustrated and results will be com-
pared with FEM results. Dynamic stability of the base-excited cylindrical shell with top mass will be discussed
in Section 4. Finally, in Section 5 conclusions will be presented.2. Semi-analytical model
In this section, a semi-analytical model is derived for the thin cylindrical shell which carries a rigid mass mtop
on top and is loaded in axial direction by a prescribed base excitation UbðtÞ and by gravity g, see Fig. 1. The
dimensions of the cylindrical shell are deﬁned by a radius R, thickness h and length L. Considering the cylin-
drical coordinate system ½r ¼ R; x; h (see Fig. 2), the axial in-plane displacement ﬁeld is denoted by uðt; x; hÞ,
the circumferential in-plane displacement ﬁeld by vðt; x; hÞ, the radial out-of-plane displacement ﬁeld byFig. 2. Cylindrical shell geometry.
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ﬁelds and radial imperfection shape will be abbreviated to u, v, w and w0, respectively. The axial coordinate
x and axial displacement ﬁeld u are measured relative with respect to the prescribed base-motion UbðtÞ. Don-
nell’s shallow shell theory is adopted (Donnell, 1976; Yamaki, 1987) as kinematic model for the thin cylindri-
cal shell. Note that using Donnell’s theory, good agreement between simulation results and experimental
results is obtained for static (post) buckling in Yamaki (1987) and for (nonlinear) large amplitude vibrations
of thin cylindrical shells in Amabili (2003c).
According to Donnell’s assumptions, the nonlinear strain-displacement relations read (Brush and Almroth,
1975; Donnell, 1976)ex ¼ u;x þ 12w;2x þ w;xw0;x; jx ¼ w;xx;
eh ¼ 1R ðv;h þ wÞ þ 12R2 w;2h þ 1R2 w;hw0;h; jh ¼  1R2 w;hh;
cxh ¼ 1R u;h þ v;x þ 1R ðw;xw;h þ w;xw0;h þ w0;xw;hÞ; jxh ¼  1R w;xh;
ð1Þwhere ;x means
o
ox and ;h means
o
oh. Note that in Eq. (1), the radial displacement ﬁeld w and the radial imper-
fection shape w0 are measured positively inwards. Considering isotropic material properties with elasticity
modulus E and Poisson ratio m, the stress resultants and stress couples per unit length are deﬁned by Brush
and Almroth (1975)Nx ¼ Jðex þ mehÞ; Mx ¼ Dðjx þ mjhÞ;
N h ¼ Jðeh þ mexÞ; Mh ¼ Dðjh þ mjxÞ;
Nxh ¼ 12 Jð1 mÞcxh; Mxh ¼ Dð1 mÞjxh;
ð2Þwhere J ¼ Eh=ð1 m2Þ and D ¼ Eh3=ð12ð1 m2ÞÞ. The following boundary conditions for the cylindrical shell
with rigid end-disks are considered (‘–’ means not prescribed)ð3ÞNote that the prescribed base-motion does not appear in the boundary conditions, since u and x are measured
relatively with respect to UbðtÞ. Furthermore, the boundary condition in terms of the membrane force Nx at
x ¼ L due to the inertia force of the top mass is not included. This force will be included via the kinetic energy.
Indeed, for a thin cylindrical shell mounted between two rigid end-disks, the clamping condition (in practice) is
probably closer to the case w;x ¼ 0 (instead of Mx ¼ 0). Nevertheless, the clamping condition is assumed to be
Mx ¼ 0 since this allows for a simple expansion of w. This assumption is supported by the fact that previous
studies show that the rotational restraint (Mx ¼ 0 vs. w;x ¼ 0) has only a mild inﬂuence on the static buckling
load (Yamaki, 1987), eigenfrequencies (Liu, 1988; Koga, 1988), parametric instabilities (Ng and Lam, 1998)
and nonlinear vibrations (Liu, 1988; Amabili, 2003b).
The strain energy of the shell, corresponding to Donnell’s assumptions, reads asUs ¼ 1
2
J
Z 2p
0
Z L
0
e2x þ e2h þ 2mexeh þ
1 m
2
c2xh
 
dx Rdh
þ 1
2
D
Z 2p
0
Z L
0
j2x þ j2h þ 2mjxjh þ
1 m
2
j2xh
 
dx Rdh: ð4ÞThe case mtop  mshell, where mtop is the top mass and mshell the mass of the shell, is considered. Therefore, the
eﬀect of the mass of the shell is neglected in the potential energy of the structure due to gravity
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Furthermore, also the inﬂuence of in-plane inertia of the shell is neglected in the kinetic energyT ¼ 1
2
qh
Z 2p
0
Z L
0
_w2dx Rdhþ 1
2
mtop _u2t ; ð6Þwhere _ut ¼ _UbðtÞ þ _uðt;L; hÞ (note that u;h ¼ 0 for x ¼ L). Previous studies concerning nonlinear vibrations of
cylindrical shells show that neglecting the in-plane inertia results in a moderately overestimated softening
behaviour (Amabili, 2003a) and a moderately overestimated dynamic critical load (considering a parametric
instability) (Pellicano and Amabili, 2006; Jansen, 2005). These studies, however, consider cylindrical shells
without a top mass.
Using Hamilton’s variation principle on the basis of the sum of Eqs. (4)–(6), the corresponding nonlinear
equilibrium equations areRNx;x þ Nxh ¼ 0; ð7Þ
RNxh þ N h;h ¼ 0; ð8Þ
 Dr4wþ 1
R
N h þ Nxðw;xx þ w0;xxÞ þ
2
R
Nxhðw;xh þ w0;xhÞ þ
1
R2
N hðw;hh þ w0;hhÞ ¼ qh€w; ð9Þwhere the biharmonic operator r4 is deﬁned by r4w ¼ w;xxxx þ 2R2 w;xxhh þ 1R4 w;hhhh. Since the eﬀects of in-plane
inertia are neglected, Eqs. (7)–(9) constitute a set of two static (in-plane) equilibrium equations (Eqs. (7 and 8))
and one dynamic (out-of-plane) equilibrium equation (Eq. (9)).
The out-of-plane displacement ﬁeld is expanded aswðt; x; hÞ ¼
XN
i¼1
XM
j¼0
½QsijðtÞ sinðjnhÞ þQcijðtÞ cosðjnhÞ sinðkixÞ; ð10Þwhere ki ¼ ip=L, i is the number of axial half-waves, n is the number of circumferential waves and Qs;cij ðtÞ are
Nð2M þ 1Þ generalized degrees of freedom (dof). Note that Eq. (10) satisﬁes exactly the boundary conditions
for w, see Eq. (3). Note that Donnell’s shallow shell theory (see Eq. (1)) may loose accuracy for nonzero values
of n smaller than 4 (Donnell, 1976). The N dof Qci0ðtÞ correspond to axi-symmetrical radial displacements and
the 2NM dof Qs;cij ðtÞ (j 6¼ 0) to axi-asymmetrical displacement ﬁelds. The presence of pairs of modes (with dof
Qsij andQ
c
ij for j 6¼ 0) with the same shape but with a diﬀerent angular orientation is due to axi-symmetry of the
(perfect) shell. Considering, for example, a radial imperfection with shape sinðjnhÞ sinðkixÞ, the mode Qsij will
be excited directly by the axial loading (Catellani et al., 2004). However, depending on the amplitude and fre-
quency of the axial excitation, also the companion mode Qcij can appear in the response with a certain diﬀer-
ence in phase with respect to the driven mode Qsij. The latter phenomenon may result in a travelling-wave
vibration in circumferential direction (Jansen, 2002; Amabili and Paı¨doussis, 2003; Pellicano and Amabili,
2003).
The following (axi-asymmetrical) expansion of w0 is consideredw0ðx; hÞ ¼ h
XNe
i¼1
ei sinðnhÞ sin ipxL
 
; ð11Þwhere Ne 6 N and ei are dimensionless imperfection amplitudes. Note that preliminary simulations showed
that axi-symmetrical imperfections are of less importance for the obtained results and are, therefore, not
considered.
Using the above expressions for w and w0, the in-plane equilibrium equations (Eqs. (7 and 8)) now consist
of a set of linear inhomogeneous static partial diﬀerential equations in terms of only u and v. In order to per-
form a reduction of the three independent displacement ﬁelds, these two PDE’s are solved symbolically. The
solution procedure for this purpose is outlined in Appendix A and results in expressions for u and v satisfying
exactly the in-plane equilibrium equations (Eqs. (7 and 8)) and the in-plane boundary conditions (Eq. (3)).
During this step, an extra dof UtðtÞ is introduced which corresponds to the unknown axial displacement of
the top mass.
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Now the displacement ﬁelds are known, the equations of motion in terms of the dofQðtÞ ¼ ½QcijðtÞ;QsikðtÞ;UtðtÞT; i ¼ 1; . . . ;N ; j ¼ 0; . . . ;M ; k ¼ 1; . . . ;M ; ð12Þ
are determined using the Rayleigh-Ritz procedure. First the energy expressions (Eqs. (4)–(6)) are evaluated
symbolically. Subsequently, the equations of motion are determined using Lagrange’s equationd
dt
T ; _Q  T ;Q þ V ;Q ¼ 0; ð13Þwhere V ¼ Us þ Ug. Damping in the structure is modelled by adding to each equation of motion a linear vis-
cous damping term in the form cij _Q
s;c
ij or ct _Ut, respectively.
In summary, the equations of motion are derived by the following steps
(i) Discretize the out-of-plane displacement ﬁeld w as in Eq. (10) and the radial imperfection shape w0 as in
Eq. (11).
(ii) Solve the corresponding in-plane ﬁelds u and v. During this step, an extra dof UtðtÞ is introduced which
corresponds to the unknown axial displacement of the top mass (see Appendix A).
(iii) Substitute the resulting expressions for w, w0, u and v in the energy and work expressions Eqs. (4)–(6),
and evaluate the integrals symbolically.
(iv) Derive the equations of motion using Lagrange’s equation Eq. (13) and add to each equation of motion
a linear viscous damping term in the form cij _Q
s;c
ij or ct _Ut, respectively.
This procedure is implemented in Maple routines (Maplesoft, 2005), allowing to derive the equations of
motions in an automatic manner after the expressions for w and w0 have been supplied. The equations of
motions are exported from Maple (Maplesoft, 2005) to both Fortran code and Matlab code (The MathWorks
Inc., 2005) for further analysis.
To illustrate some key features of the model, the equations of motion of the perfect shell (w0 ¼ 0 m) and an
expansion of w with N ¼ M ¼ 1 (see Eq. (10)) is givenm1 €Qc10 þ c10 _Qc10 þ ½k1 þ k2ðQs11Þ2 þ k2ðQc11Þ2 þ k4ðQc10Þ2 þ k3UtQc10  k5ðQc10Þ2
 k6ðQc11Þ2  k6ðQs11Þ2  k7Ut ¼ 0
m2 €Qs11 þ c11 _Qs11 þ ½k8 þ k9ðQc11Þ2 þ k10Ut  k11Qc10 þ k12ðQc10Þ2 þ k13ðQs11Þ2Qs11 ¼ 0
m2 €Qc11 þ c11 _Qc11 þ ½k8 þ k9ðQs11Þ2 þ k10Ut  k11Qs10 þ k12ðQc10Þ2 þ k13ðQc11Þ2Qc11 ¼ 0
mtop €Ut þ ct _Ut þ k14Ut  k15Qc10 þ k16ðQc11Þ2 þ k17ðQc10Þ2 þ k18ðQs11Þ2 ¼ mtopð€Ub þ gÞ;
ð14Þwhere ki are positive constants. As can be noted, the dof Ut, which has both a linear coupling and a nonlinear
coupling with the axi-symmetrical mode Qc10 (the linear coupling is due to the Poisson eﬀect), is directly excited
by the prescribed base-acceleration €Ub. The coupling of the axi-asymmetrical modes Q
s;c
11 is only attained via
the nonlinear stiﬀness terms (since in this case w0 ¼ 0 m).
3. Static and modal analysis
In this section, ﬁrst the static response of the cylindrical shell with top mass is examined. Subsequently, a
modal analysis is performed on linearized models of the cylindrical shell with top mass. The goal of these two
studies is to analyze the static buckling behaviour and the linear eigen-frequencies of the cylindrical shell
including the inﬂuence of geometric imperfections and to test the convergence of the results for various expan-
sions of the out-of-plane displacement ﬁeld w. The results are numerically validated via a comparison with
results obtained using the Finite Element (FE) package MSC.Marc. As a test case, a cylindrical shell is con-
sidered of which the static buckling behaviour due to compressive loading is experimentally studied in Yamaki
(1987). The cylinder is made of an isotropic polyester ﬁlm with E ¼ 5:56 GPa, q ¼ 1370 kg/m3, m ¼ 0:3,
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of this shell (Yamaki, 1987), the shell buckles from the axi-symmetrical pre-buckling state to an axi-asymmet-
rical post-buckled state which is dominated by one full sine-wave in axial direction (i.e. i ¼ 2, see Eq. (10)) and
a circumferential wave number of n ¼ 11. Therefore, detailed results are presented for n ¼ 11. Note that in
Section 4.4, the inﬂuence of the speciﬁc choice of the value for n on the obtained results will be further
discussed.
3.1. FE model
Since an n-periodic deformation pattern in circumferential direction is assumed, only one 1/nth segment is
modelled in the FE package MSC.Marc. The resulting FE model consists of 3500 four-node thin shell ele-
ments (100 elements in axial direction and 35 elements in circumferential direction of type 139 (MSC.Software,
2005), see Fig. 3. The (nonlinear) kinematic relations used in the FE model are based on the Kirchhoﬀ assump-
tions and are valid for large displacements and moderate rotations. Note that Donnell’s kinematic relations
which are used for the semi-analytical model, are also based on the Kirchhoﬀ assumptions (Brush and Alm-
roth, 1975) but in addition, further approximations are introduced by assuming that the deformations are
dominated by radial displacements and that the displacement components are rapidly varying functions of
the circumferential coordinate, i.e. n > 4, see Brush and Almroth (1975) and Donnell (1976). The latter
approximations are not used in the FE model.
For the FE model, the same boundary conditions are considered as for the semi-analytical model (see Eq.
(3)). To enforce periodicity in circumferential direction, the displacements and rotations of the nodes along the
side edges of the FE model are linked and the displacements in circumferential direction are suppressed. The
top mass is modelled as a point mass of mtop=n, attached to a node placed at the top center. The axial displace-
ment of this node is linked with the axial displacements of the nodes along the top edge of the FE model
(enforcing the boundary condition u;h ¼ 0 at x ¼ L). In the FE model, the initial imperfection is included
by moving the nodes radially according to the considered imperfection shape w0.
3.2. Static analysis
For the static analysis, all time-derivatives in the equations of motion are set to zero and the case UbðtÞ ¼ 0
is considered. In the static case, the only force exerted on the cylindrical shell is due to the weight of the top
mass Z 2p
0
Nxðx ¼ LÞR dh ¼ mtopg ¼ P  Pc ½N; ð15ÞFig. 3. FE model of 1=nth segment cylindrical shell with top mass (n ¼ 11).
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ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3ð1 m2Þ
p
½N
.
; ð16Þis the classical static buckling load of the axially compressed cylindrical shell (Brush and Almroth, 1975)
(Pc ¼ 1289 [N]). By solving the resulting algebraic equations for a static varying load P (which can, for exam-
ple, be considered as a variation in mtop), using the continuation package AUTO (Doedel et al., 1998), the sta-
tic (post) buckling behaviour of the cylindrical shell is examined.
The considered expansion of the imperfection w0 (see Eq. (11)) will trigger the modes with dofs Q
s
i1. Con-
sequently, for a discretization of w (see Eq. (10)) with M ¼ 2, only the modes with dofs Qci0, Qsi1 and due to
internal couplings the modes with dofs Qci2 will appear in the static response. The modes with dofs Q
c
i1 and
Qsi2 do not contribute to the static response and are, therefore, removed from the model.
In Fig. 4, the static response of the axially loaded imperfect shell (e1 ¼ e2 ¼ 0:284, other ei ¼ 0), based on a
31-dof model (N ¼ 10;M ¼ 2 with Qci1 ¼ Qsi2 ¼ 0 [m], the accuracy of this model is discussed later on) is
depicted. Note that the load-path is presented in terms of the dimensionless load P (Eq. (15)) and the dimen-
sionless axial displacementuL ¼ uðt; L; hÞ=L: ð17Þ
Note that uL ¼ UtðtÞ=L, see Eq. (A.11). Furthermore, uL < 0 corresponds to axial shortening of the cylindrical
shell, see Fig. 2. Starting at the initial unloaded state (P ¼ 0), buckling of the shell occurs at the limit-point at
approximately P ¼ Pb ¼ 0:77, see enlargement A in Fig. 4. The post-critical behaviour shows many coexisting
stable and unstable post-buckled states. The deformed shapes for six (stable) states (indicated in Fig. 4 with a–
f) are shown in Fig. 5. As can be noted, along the complex load-path depicted in Fig. 4, successive destabili-
zation and restabilization events take place, resulting in a so-called ‘cellular’ buckling sequence (Hunt et al.,
2003).
The post-critical load-path exhibits a minimum at point f (P ¼ 0:230). This minimum is of practical impor-
tance since above this load, it is possible that due to some external disturbance, the shell may jump from the
initial unbuckled state to a stable buckled state. At the local minimum at point c in Fig. 4 (P ¼ 0:245,
uL ¼ 1:17  103), the buckled shape is dominated by one full sine-wave in axial direction, see Fig. 5c. In
experiments performed with the same shell but with slightly diﬀerent boundary conditions (w;x ¼ 0 instead
of Mx ¼ 0), a comparable (local) minimum post-buckling load with corresponding axial shortening and buck-
led shape is obtained (P  0:24 and uL  1:3  103, see Fig. 3.52 in Yamaki (1987)). Obviously, also the ini-
tial imperfection considered in the semi-analytical model and the imperfection in the actual shell in Yamaki
(1987) will diﬀer. Small imperfections have, however, only a mild inﬂuence on such (far) post-critical responses
(Yamaki, 1987; Catellani et al., 2004; Pellicano and Amabili, 2006).
The post-buckled state dominated by three axial half sine-waves (see Fig. 5f) is not found in the experiments
of Yamaki (1987). Instead, a buckling event to a state with another circumferential distribution (n ¼ 10) is0 0.5 1 1.5 2 2.5 3
x 10–3
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
Fig. 4. Static load-path imperfect cylindrical shell (e1 ¼ e2 ¼ 0:284, n ¼ 11).
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Fig. 5. Contour plots of w (only 1=nth segment shown) for labeled states a–f in Fig. 4 (max w = white, min w = black, wm ¼ max jwj=h).
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current semi-analytical model, since during the computations the circumferential wave number remains ﬁxed
to n ¼ 11.
In Fig. 6, the ﬁrst part of the load-path depicted in Fig. 4 (computed using the 31-dof semi-analytical
model) is compared with results obtained using the FE model. Note that no stability information for the
FE results is included, since this information is not provided by the FE package. Although the semi-analytical
results do not exactly match the FEM results, there is a good qualitative correspondence. Note that at two
points, also the maximum out-of-plane displacement wm is compared. Compared with the FE results, the
semi-analytical model predicts a 7.4 % higher primary buckling load (FEM: Pb ¼ 0:714, 31-dof:
Pb ¼ 0:767) but a very well corresponding (local) minimum post-buckling load with corresponding axial short-
ening, see enlargement A in Fig. 6.
Primary static buckling loads (Pb) for other imperfection shapes, all with only one nonzero ei and
max jw0j=h ¼ 0:5, are compared in Table 1. Note that the buckling loads are obtained in a similar fashion
as in Fig. 4, i.e. by determining the limit-point in the initial load-path. Next to results obtained using the
31-dof model and the FE model, also results for other discretizations of w (Eq. (10)) are included. As can
be noted, the imperfection shapes with the higher number of axial half wave numbers give the largest decrease
in buckling load. For comparison of the semi-analytical results (for various discretizations of w) with the FEM
results, their mean relative diﬀerences D are included in Table 1, D being deﬁned by0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6
x 10–3
0
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0.245
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Fig. 6. Static load-path imperfect (e1 ¼ e2 ¼ 0:284) cylindrical shell, FEM vs. 31-dof semi-analytical model (wm ¼ max jwj=h).
Table 1
Primary static buckling loads of the imperfect cylindrical shell (D deﬁned by Eq. (18))
Model Pb [] D (%)
N M dof e1 ¼ 0:5 e2 ¼ 0:5 e3 ¼ 0:5 e4 ¼ 0:5 e5 ¼ 0:5 e6 ¼ 0:5
6 2 19 0.9366 0.6591 0.6440 0.6492 0.6177 0.6144 27.5
8 2 25 0.8684 0.6546 0.5314 0.5460 0.5573 0.5263 13.0
10 1 21 0.9303 0.7179 0.5961 0.5971 0.6562 0.6206 27.2
10 2 31 0.8607 0.6686 0.5407 0.4952 0.5195 0.4628 7.8
FEM 0.8001 0.6422 0.5117 0.4818 0.4559 0.4115 —
Table
First t
N
6
8
10
10
FEM
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6
X6
i¼1
P ib  P i;FEMb
P i;FEMb
 !
; ð18Þwhere P ib and P
i;FEM
b denote the buckling load for ei 6¼ 0, computed using the semi-analytical model (for a given
discretization of w) and the FE model, respectively. From the models considered, the 31-dof model shows the
best overall correspondence with the FE results. The necessity to include the modes with a double harmonic in
circumferential direction (Qci2) is illustrated in Table 1 for N ¼ 10, i.e., using M ¼ 2 (31-dof) instead of M ¼ 1
(21-dof) in Eq. (10) results in a large decrease in buckling loads. Due to computational limitations, extension
of the 31-dof model with even more modes was not possible.
3.3. Modal analysis
Next, the undamped eigen-frequencies of the perfect cylindrical shell with top mass are determined. Here
to, ﬁrst the static equilibrium state for a given pre-load is determined. Subsequently, the equations of motion
are linearized around this equilibrium state and a modal analysis is performed. The top mass is ﬁxed at
mtop ¼ 10 kg and two levels of pre-load are considered, i.e., g ¼ 0 [m=s2] (P ¼ 0) and g ¼ 9:81 [m=s2]
(P ¼ 0:076). The results are shown in Table 2, using the same models as used for the static analysis.
The lowest vibration mode is an axi-symmetrical suspension type of mode and the higher vibration modes
correspond to axi-asymmetrical modes, see also Fig. 7. The pre-load (g ¼ 9:81 m/s2) results in a small decrease2
hree eigen-frequencies perfect cylindrical shell with top mass (n ¼ 11, mtop ¼ 10 (kg))
M dof g ¼ 0 [m=s2] g ¼ 9:81 (m=s2)
f1 (Hz) f2 (Hz) f3 (Hz) f1 (Hz) f2 (Hz) f3 (Hz)
2 19 116.9 357.6 567.9 116.9 350.6 551.5
2 25 116.8 357.5 567.9 116.8 350.5 551.2
1 21 116.8 357.5 567.9 116.7 350.5 551.2
2 31 116.8 357.5 567.9 116.7 350.5 551.2
116.6 355.7 568.9 116.6 348.5 552.0
Fig. 7. First three vibration modes cylindrical shell (n ¼ 11, top mass not shown).
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good agreement with the FEM results, i.e. the maximum diﬀerence between the semi-analytical results and the
FEM results is approximately 0.6%. All models predict approximately the same values for the ﬁrst three eigen-
frequencies. Apparently, for accurate calculation of the ﬁrst three vibration modes, less modes are required
than for an accurate static buckling analysis (see Table 1).
Including the same geometrical imperfections as considered in Table 1, the eigen-frequencies f1, f2 and f3 of
the pre-loaded shell decrease maximally 1.4%, 2.9% and 4.5% (compared to the pre-loaded perfect case),
respectively. Similar as for the buckling loads (see Table 1), the largest decreases occur for the imperfection
with the largest number of axial half waves (e6). In conclusion, the imperfections have more inﬂuence on
the primary static buckling loads than on the linearized eigen-frequencies.
4. Dynamic analysis
In this section, the nonlinear dynamic steady-state response of the cylindrical shell subjected to the combi-
nation of a static load (due to the weight of the top mass) and a harmonic time varying load (due to the pre-
scribed base-acceleration) will be studied. The top mass is ﬁxed at mtop ¼ 10 kg and only the preloaded case
g ¼ 9:81 m/s2 is considered. Note that for this level of preload (P ¼ 0:076, see Eq. (15)), the unbuckled con-
ﬁguration is still a unique stable equilibrium state of the cylindrical shell (see Fig. 4). For small amplitudes of
the base-excitation (rd) the response is expected to be harmonic with small (out-of-plane) displacements. How-
ever, for increasing values of rd the harmonic response may become unstable and severe large (out-of-plane)
amplitude vibrations may appear instead. The goal of the dynamic analysis is to determine where such insta-
bilities will occur (i.e. for which combinations of excitation frequency and amplitude of base-acceleration) and
how these results depend on possible geometric imperfections in the cylindrical shell. Special attention will be
paid to the behaviour near the ﬁrst resonance peak at about 116:8 Hz, since here the ﬁrst instabilities are
found. In all simulations, a little amount of damping is taken into account by setting the linear viscous damp-
ing parameters cij and ct such, that all the linear vibration modes have the same relative damping ratio
(n ¼ 0:01).
Numerical continuation of periodic solutions (Doedel et al., 1998) with the excitation frequency as contin-
uation parameter is adopted to study the steady-state behaviour of the cylindrical shell. The local stability of
the periodic solutions is determined using Floquet theory (Thomsen, 2003). Furthermore, for excitation fre-
quencies where no stable periodic solutions are found, standard numerical integration of the equations of
motion is performed using a Runge-Kutta integration scheme with adaptive step-sizing (NAG routine
D02PDF (NAG, 2002)).
Among the semi-analytical models considered in the static and modal analyses (see Section 3), the 31-
dof model (expanding w with N ¼ 10, M ¼ 2, see Eq. (10), excluding companion modes) showed to be the
most accurate (especially for determining the primary static buckling load, see Table 1). This model will,
therefore, also be considered for the dynamic analysis. However, prior to the analysis based on the 31-dof
semi-analytical model, ﬁrst analyses will be performed using two models with less dof. These models are
obtained by setting all dof in the expansion of w with N ¼ 10 and M ¼ 2, which correspond to radial dis-
placements being asymmetrical with respect to x=L ¼ 1=2 (i.e. axial-asymmetrical, see for an example the
right plot of Fig. 7), to zero. This results in a 26-dof model if companion modes are included (see also
Section 3.2) and in a 16-dof model if companion modes are excluded. Note that the exclusion of the
axial-asymmetrical modes is supported by the fact that the lowest two vibrational eigen-modes are also
axial-symmetrical, see Fig. 7. The models which will be considered for the dynamic analysis are summa-
rized in Table 3.Table 3
Models derived from the full expansion of w with N ¼ 10 and M ¼ 2, see Eq. (10)
16-dof model 26-dof model 31-dof model
Axial assymm. modes (with dofs Qs;cij with i ¼ 2; 4; ::) Excluded Excluded Included
Companion modes (with dofs Qsi2 and Q
c
i1) Excluded Included Excluded
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ﬁxed value of n (n ¼ 11) in Sections 4.1, 4.2 and 4.3. By comparing the results obtained for the three models,
the eﬀect of including the companion modes or the axial–symmetrical modes will be examined. Hereafter, in
Section 4.4 the inﬂuence of the speciﬁc choice of the value for n on the obtained results will be examined.
4.1. Model without companion modes and without axially asymmetrical modes (16-dof)
The steady-state response of the perfect case (w0 ¼ 0 [m]) for a varying excitation frequency f is depicted in
Fig. 8 for rd ¼ 0:27. Note that the steady-state response is plotted in terms of the following measureUm ¼ max
T
uL min
T
uL; ð19Þwhere uL denotes the dimensionless axial displacement (see Eq. (17)) and T ¼ 1=f . The response shows a har-
monic resonance around the ﬁrst linear eigen-frequency (f1 ¼ 116:7, see Table 2 ) and does not exhibit any
regions of instability. However, for rd > 0:279, a small region of instability appears in the top of the harmonic
resonance, see Fig. 9. Note that the stability of the harmonic response is lost due the appearance of period
doubling bifurcations at locations indicated in Fig. 9 with ‘’. The response in the region of instability is fur-
ther examined using numerical integration of the equations of motion. As initial condition, a very small per-
turbation is given to the dofs Qs;cij =h ¼ 1  103 to initiate (possible) instabilities. Transient eﬀects are excluded50 100 150 200 250 300
10–5
10–4
10–3
10–2
Fig. 8. Frequency–amplitude plot of perfect shell for rd ¼ 0:27.
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Fig. 9. Frequency–amplitude plot of perfect shell for four increasing values of rd and f close to f1 (f1 ¼ 116:7 Hz).
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Fig. 10. Harmonic (left) and 1/2 subharmonic response (right) (w0 ¼ 0 m, f ¼ f1).
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and f ¼ f1 are depicted in Figs. 10 and 11. Note that the responses are depicted in terms of two measures, i.e.
the dimensionless axial displacement uL (see Eq. (17)) and the dimensionless out-of-plane displacementwL=2 ¼ w½t; L=2; p=ð2nÞ=h: ð20Þ
For rd ¼ 0:27, i.e. just below the loss of stability of the harmonic response at f ¼ f1 (see Fig. 9), the out-of-
plane response is in phase with the axial shortening and only small out-of-plane displacements are initiated
due to the Poisson eﬀect, see Fig. 10.
For rd ¼ 0:3 the harmonic solution is no longer stable at f ¼ f1 and instead a 1/2 subharmonic response is
found (period 2T ), see Fig. 10 (most clearly visible in the time response in terms of wL=2 for rd ¼ 0:30). The
power spectral density (PSD) of this 1/2 subharmonic response in terms of the measure wL=2 and the normal-
ized frequency F =f1 (the excitation frequency equals f ¼ f1) is depicted in Fig. 12. The 1/2 subharmonic
behaviour is clearly indicated by a peak at F ¼ 1
2
f1. Note that the PSD is determined from a data set obtained
by sampling the response (obtained using numerical integration) with a ﬁxed time step of Dt ¼ 1=16000 s. Fur-
thermore, as a reference, the locations of the 16 damped linear eigen-frequencies of the 16-dof model are also
indicated in Fig. 12 (note that f12, f13 and f14 nearly coincide).
By increasing the amplitude of the base-excitation further to rd ¼ 0:33, a very severe beating type of
response is found, see Fig. 11. This type of response exhibits short time intervals in which energy is transferred2000 2100 2200 2300 2400 2500
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0
5
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15
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0
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2
x 10–3
Fig. 11. Beating type of response (w0 ¼ 0 m, f ¼ f1).
0 5 10 15 20 25 30 35 40
10–10
10–8
10–6
10–4
10–2
100
Fig. 12. Power spectral density of 1/2 subharmonic response depicted in Fig. 10 (right, rd ¼ 0:30).
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Fig. 13. Power spectral density of beating response depicted in Fig. 11 (rd ¼ 0:33).
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vibrations. The PSD of this beating type of response (in a similar fashion as in Fig. 12) is depicted in
Fig. 13. The PSD of the beating type of response is broad-banded, suggesting that the beating type of response
has a chaotic nature. The spikes in the PSD at F ¼ 3f 1 ¼ f2 and at F ¼ 10f 1 ¼ f4 indicate internal resonances
with the modes present at these two frequencies (at F ¼ 3f 1 the second mode with hn;mi ¼ h11; 1i occurs and
at F ¼ 10f 1 the fourth mode with hn;mi ¼ h22; 1i occurs, where m denotes the number of half sine waves in
axial direction). However, for other values of n, these ratios becomes less favourable for internal resonance,
but still similar beating types of response are found (see Section 4.4). For further illustration, an enlargement
of wL=2 during the time interval A in Fig. 11 is shown in Fig. 14. The deformed shapes at six time instances
during this interval of time are shown in Fig. 15. As can be observed from Fig. 15, also modes with a relatively
short wave-length (i.e. n ¼ 22 and m > 1) participate in the beating type of response.
As shown for the perfect cylindrical shell under consideration, there exist a critical value rcd for the base-
excitation amplitude rd such that for rd < rcd the harmonic solution is always stable and for rd > r
c
d there exists
a small region of instability in the top of the harmonic resonance. In this region the response is ﬁrst subhar-
monic and for further increasing rd , a response with short time intervals of very severe out-of-plane vibrations
is obtained. The transition for increasing values of rd around f ¼ f1, from the harmonic response with small
out-of-plane displacements to the beating type of response with very large out-of-plane displacements is unde-
sirable in practice.
2143 2146 2149 2152
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Fig. 14. Enlargement of wL=2 during time interval A in Fig. 11.
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Fig. 15. Contour plots of w (only 1=nth segment shown) at indicated time instances in Fig. 14 (maxw ¼white, minw ¼black,
wm ¼ max jwj=h).
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found dynamic buckling results must be examined. The steady-state response of the imperfect cylindrical shell
(e1 ¼ 0:5) with top mass for a varying excitation frequency f is depicted in Fig. 16. Note that for ei 6¼ 0 (see Eq.
(11)), a direct coupling is present between the axi-symmetrical modes with dof Qci0 and the axi-asymmetrical
modes with dof Qsi1. Similar as for the perfect case, the stability of the harmonic response is ﬁrstly lost at per-
iod doubling bifurcations (indicated in Fig. 16 with ‘’) in the top of the harmonic resonance around f ¼ f1
for increasing values of rd . Compared to the perfect case (rcd ¼ 0:279, see Fig. 9), the value of rcd is (slightly)
lower for e1 ¼ 0:5 (rcd ¼ 0:252). The response for f ¼ f1 and rd ¼ 0:25 (i.e. just below rcd), obtained using
the numerical integration approach, is depicted in Fig. 17 and in a similar fashion for rd ¼ 0:255 (just above
rcd) in Fig. 18. In contrast to the perfect case, for the imperfect case (e1 ¼ 0:5) the response for values of rd just
above rcd is directly the beating type of response (instead of ﬁrst a subharmonic response, see Fig. 10). The
sudden transition between the harmonic response and the beating type of response is more clearly visualized
in Fig. 19. This bifurcation diagram is obtained by plotting 1000 times the T-sampled steady-state value of
wL=2 for each value of rd (Drd ¼ 0:001).
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Fig. 16. Frequency–amplitude plot imperfect shell (e1 ¼ 0:5) for increasing values of rd and f close to f1.
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Fig. 17. Harmonic response (e1 ¼ 0:5 and f ¼ f1).
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Fig. 18. Beating type of response (e1 ¼ 0:5 and f ¼ f1).
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Fig. 19. Bifurcation diagram (e1 ¼ 0:5, f ¼ f1).
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0
Nxðx ¼ LÞRdh ¼ mtopð€Ut þ €Ub þ gÞ  ct _Ut ¼ PdðtÞ  Pc½N; ð21Þwhere PdðtÞ is a newly introduced dimensionless dynamic loading parameter and Pc is the classical static buck-
ling load of the axially compressed cylindrical shell, see Eq. (16). For the imperfection under consideration
(e1 ¼ 0:5), the primary static load of the cylindrical shell equals Pb ¼ 0:8607 (see Table 1). Obviously, the pri-
mary static buckling load Pb and the dynamic load PdðtÞ can not be compared in a straightforward manner
since for the dynamic case the load is varying in time and out-of-plane inertia and (small) damping eﬀects
of the shell are taken into account which are absent in the static case. Nevertheless, it is of interest to examine
the level of the dynamic loading and to compare it with the static buckling load as a reference. In Fig. 20, the
dynamic loading PdðtÞ is shown for (parts of) the responses depicted in Figs. 17 and 18. For the case rd ¼ 0:25
the dynamic loading moderately exceeds the static buckling load (i.e. maxðPdðtÞÞ=Pb ¼ 1:175). Nevertheless,
the response remains harmonic for this value of rd (see Fig. 17). For the slightly higher value of the prescribed
base-acceleration (rd ¼ 0:255), initially the dynamic loading slowly increases to a maximum of
maxðPdðtÞÞ=Pb ¼ 1:193, see enlargement A in Fig. 20). From this point, the large out-of-plane displacements
occur for a short time interval (see also Fig. 18), in which the dynamic load drops to a level far below Pb (likely
due to the fact that the axial rigidity of the cylindrical shell is lost for large out-of-plane displacements). After2000 2005 2010
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Fig. 20. Dynamically exerted load for two values of rd and e1 ¼ 0:5, f ¼ f1.
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time again a maximum is reached. Consequently, the beating response seems to be a cycle of 1. dynamic load-
ing slowly building up, 2. a dynamic buckling event in which large out-of-plane vibrations occur, 3. a large
drop in magnitude of the dynamic loading causing the large out-of-plane vibrations to disappear after which
the dynamic loading can be again slowly build up.
4.2. Model with companion modes but without axially asymmetrical modes (26-dof)
Next, the eﬀect of extending the semi-analytical model with the companion modes, on the obtained
dynamic buckling results for the imperfect cylindrical shell is examined (i.e. the 26-dof is used, see Table
3). Similarly as found in Pellicano and Amabili (2006) for the onset to parametric instabilities of an imperfect
cylindrical shell without a top mass, it appeared that inclusion of the companion modes does not aﬀect the
value of rcd . Furthermore, for values of rd just above r
c
d , the companion modes do also not contribute to
the beating response. Consequently, for determining the dynamic critical loads of the imperfect cylindrical
shell with top mass (considering imperfections according to Eq. (11)), the companion modes do not have
to be included in the semi-analytical model.
4.3. Model with axially asymmetrical modes but without companion modes (31-dof)
Finally, the eﬀect of including the axially asymmetrical modes is examined, i.e. the 31-dof model is used (see
Table 3). Considering the response of the perfect shell obtained with this model, stability of the harmonic solu-
tion for f ¼ f1 is lost at rcd ¼ 0:274 which is slightly lower than obtained for the model without the axially
asymmetrical modes (16-dof: rcd ¼ 0:279, see also Fig. 9). The transition from the harmonic solution to the
beating type of solution via an intermediate subharmonic solution is not changed by including the axial-asym-
metrical modes. However, now also axially asymmetrical modes participate in the response obtained for
rd > rcd .
The values of rcd obtained using the 31-dof model for imperfection shapes with only one nonzero ei and
max jw0j=h ¼ 0:5 (similar as considered in Table 1), are shown in Table 4 . For the axial symmetrical imper-
fections shapes (e1, e3 and e5), also the values of rcd obtained using the 16-dof model are included. As can be
noted, the values for rcd obtained using the 31-dof model and the 16-dof are the same or diﬀer very little.
Although for the 31-dof also axially asymmetrical modes participate in the response obtained for rd > rcd ,
the post-critical responses obtained with the 31-dof model are qualitatively similar as obtained using the
16-dof model, see for example Fig. 21.
Similar as for the primary static buckling loads (Pb, see Table 4 ), the shape of the imperfection has a large
inﬂuence on rcd . Consequently, for the load-case and cylindrical shell under consideration, the dynamic critical
load exhibits a similar severe imperfection sensitivity as found for the primary static buckling load.
4.4. Inﬂuence circumferential wave number n
In the static, modal and dynamic analyses performed until now, only one circumferential wave number is
considered (n ¼ 11). This circumferential wave number is selected on the basis of experimental static buckling
results (Yamaki, 1987), where the shell under consideration (initially) buckles to a post-buckling state domi-
nated by n ¼ 11. Obviously, this no guarantee that for the dynamic case also n ¼ 11 will prevail with respect to
other values of n. It is, therefore, of interest to examine to inﬂuence of n on the obtained results. Note that forTable 4
Dynamic critical loads rcd of the imperfect cylindrical shell
Model rcd []
e1 ¼ 0:5 e2 ¼ 0:5 e3 ¼ 0:5 e4 ¼ 0:5 e5 ¼ 0:5 e6 ¼ 0:5
16-dof model 0.2518 — 0.1633 — 0.1347 —
31-dof model 0.2518 0.16157 0.1633 0.12285 0.1318 0.11468
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Fig. 21. Beating type of response (e5 ¼ 0:5, f ¼ f1, rd ¼ 0:14) computed using the 16-dof model and the 31-dof model (see Table 3).
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at mtop ¼ 10 [kg] and all damping ratios are set to n ¼ 0:01.
In Fig. 22, the inﬂuence of n on the second eigen-frequency f2 (the ﬁrst axi-asymmetrical vibration mode,
see Fig. 7), the primary static buckling load Pb (similar as shown in Table 1 for n ¼ 11) and the value of rcd
(similar as shown in Table 4 for n ¼ 11) is depicted. For f2 only the preloaded perfect case is considered, while
for Pb and rcd three imperfection shapes are considered (all with only one nonzero ei and max jw0j=h ¼ 0:5). It
can be noted that the lowest value for f2 is obtained for n ¼ 10, the lowest value for Pb for n ¼ 14 and e5 ¼ 0:5
and the lowest value for rcd for n ¼ 13 and e5 ¼ 0:5. For Pb the lowest values are always obtained for the imper-
fection shape with the highest number of axial half waves (e5 ¼ 0:5). As can be noted, this not the case for rcd .
The dynamic responses for values of rd just below rcd and just above r
c
d for the considered imperfection
shapes in Fig. 22, are shown for n ¼ 12 in Fig. 23 and for n ¼ 13 in Fig. 24. For the case rd > rcd , also Poincare´
maps (i.e. T sampled values of uL plotted against T sampled values of wL=2) are shown. The PSD’s of the
responses obtained for rd > rcd are depicted in Fig. 25. Similar as in Figs. 12 and 13, the locations of the 16
damped linear eigen-frequencies of the 16-dof model (for the considered value of n) are again indicated.
Starting with n ¼ 12 and e1 ¼ 0:5 (see Figs. 23 and 25), the response for rd just above rcd (rcd ¼ 0:194) is the
familiar beating type of response with very large out-of-plane displacements. The Poincare´ map of this
response (see Fig. 23 for e1 ¼ 0:5 and rd ¼ 0:2) is a bounded cloud of points with some order, suggesting that
the response has a chaotic nature (Thomsen, 2003). Considering the same value of n but now for e3 ¼ 0:5, the8 10 12 14 16 18
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Fig. 22. Inﬂuence of n on second eigen-frequency f2, primary static buckling load Pb and dynamic critical load rcd .
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Fig. 23. Responses for rd < rcd and rd > r
c
d for various imperfection shapes (f ¼ f1, n ¼ 12).
1606 N.J. Mallon et al. / International Journal of Solids and Structures 45 (2008) 1587–1613Poincare´ map of the response for rd just above rcd (r
c
d ¼ 0:108) becomes a closed curve, suggesting that the
response now has a quasi-periodic nature (Thomsen, 2003). For n ¼ 12 and e5 ¼ 0:5, the Poincare´ plot of
the response for rd just above rcd (r
c
d ¼ 0:118) shows only a single dot indicating a harmonic post-critical
response.
For n ¼ 13 the responses for rd just above rcd seems to be chaotic for the cases e1 ¼ 0:5 and e3 ¼ 0:5 and for
e5 ¼ 0:5, a 1/2 subharmonic post-critical response is obtained (see Figs. 24 and 25). It should be noted that
exact classiﬁcation of the post-critical responses (for example by computing Lyapunov exponents (Thomsen,
2003) is out-of-the scope of this paper. More important, for each value of n, the ﬁrst instabilities are always
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d for various imperfection shapes (f ¼ f1, n ¼ 13).
N.J. Mallon et al. / International Journal of Solids and Structures 45 (2008) 1587–1613 1607found close to the resonance peak corresponding to the low frequent suspension type of vibration mode, see
e.g. Fig. 7-a. Furthermore, for each value of n, the obtained post-critical responses show a large increase in
out-of-plane deﬂections which are undesirable in practice. Which type of post-critical response and which
value of n will appear ﬁrst in practice will depend on the actual imperfection in the shell (which will be diﬀerent
than the simple imperfection shapes as considered here). These results suggest that the dynamic stability anal-
ysis of base-excited cylindrical shells structures with top mass and thus with a relatively low frequent axi-sym-
metrical vibration mode (Fig. 7-a) should be concentrated around the corresponding low frequent resonance
peak. However, more research is required before this result can be generalized.
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Fig. 25. Power spectral densities of post-critical responses depicted in Figs. 23 and 24.
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The objective of this paper is to determine the dynamic stability limits of a base-excited thin cylindri-
cal shell with top mass and how these results are aﬀected by possible geometrical imperfections. First a
semi-analytical model is derived which satisﬁes exactly the in-plane boundary conditions. For this pur-
pose, a static condensation procedure is presented in which the in-plane ﬁelds are directly solved in terms
of the assumed expressions for the radial displacement ﬁeld and the radial imperfection shape. The result-
ing model is numerically validated through a comparison with static and modal results obtained using FE
N.J. Mallon et al. / International Journal of Solids and Structures 45 (2008) 1587–1613 1609modelling. Although there are still some discrepancies, generally a good correspondence is obtained
between the semi-analytical results and the FE results. The dynamic stability of the base-excited cylindri-
cal shell is studied using numerical continuation of periodic solutions with the excitation frequency as
continuation parameter. Due to the top mass, a relatively low frequent resonance is introduced, corre-
sponding to an axi-symmetrical vibration mode. It is shown that for increasing excitation amplitude,
the harmonic response may become unstable in the peak of this resonance and a beating type of response
with severe out-of-plane deformations may appear instead. Depending on the considered imperfection and
circumferential wave number, several types (periodic, quasi-periodic and chaotic) of (severe) post-critical
behaviour are observed. Similar as for the static buckling case, the critical value for the amplitude of the
prescribed harmonic base-acceleration for which the harmonic response changes to the severe post-critical
response, depends highly on the initial imperfections present in the shell. The presented results suggest
that the dynamic stability analysis of base-excited cylindrical shells structures with top mass (and thus
with a low frequent axi-symmetrical vibration mode) should be concentrated around the corresponding
low frequent resonance peak. However, as stated before, more research is required before this result
can be generalized. Future research will include experimental validation of the obtained semi-analytical
results.Appendix A. Solving the in-plane ﬁelds
Using the assumed expressions for w (Eq. (10)) and w0 (Eq. (11)), the in-plane equilibrium equations (Eqs.
(7 and 8)) consist of a set of linear inhomogeneous partial diﬀerential equations in terms of u and v. Conse-
quently, the solutions for u and v can be written asuðt; x; hÞ ¼ upðt; x; hÞ þ uhðt; x; hÞ and vðt; x; hÞ ¼ vpðt; x; hÞ þ vhðt; x; hÞ ðA:1Þwhere up and vp are the particular solutions and uh and vh the homogeneous solutions (i.e. for w ¼ w0 ¼ 0) of
Eqs. (7 and 8), respectively. First the particular solutions are found. As out-lined in Donnell (1976), the in-
plane equilibrium equations (Eqs. (7 and 8)) can be decoupled into two inhomogeneous biharmonic equations
as follows. By applying ﬁrst o
2
ox2 and then
o2
oh2
to Eq. (7), solving in both cases the term involving v and substi-
tuting these two expressions in the equation obtained by applying o
2
oxoh to (8), a biharmonic equation in u is
obtainedr4u ¼ F uðw;w0;w;x;w;h; . . .Þ: ðA:2ÞSimilarly, by applying o
2
ox2 and
o2
oh2
to (8), solving in both cases the term involving u and substituting these two
expressions in (7) after applying o
2
oxoh, a biharmonic equation in v is obtainedr4v ¼ F vðw;w0;w;x;w;h; . . .Þ: ðA:3ÞThe right-hand-sides of these equations, F uðÞ and F vðÞ, are long expressions in terms of w and w0 and their
spatial derivatives (up to fourth order) and are not reported here explicitly for the sake of brevity. The decou-
pled equilibrium equations (Eqs. (A.2 and A.3) allow to solve up and vp independent from each other. Using
symbolic computations (Maplesoft, 2005), the expansions for the particular solutions are derived. Introducing
the abbreviations sjh ¼ sinðjnhÞ, cjh ¼ cosðjnhÞ, six ¼ sinðkixÞ and cix ¼ cosðkixÞ, these expansions readupðt; x; hÞ ¼
XN
i¼1
XM
j¼0
½Auijsjh þ Buijcjhcix þ
XN
i¼1
XN
j¼1
XM
k¼l
XM
l¼0
½Cuijklslhskh þDuijklclhckhsixcjx
þ
XN
i¼1
XN
j¼1
XM
k¼1
XM
l¼0
Euijklskhclhsixcix; ðA:4Þand
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XN
i¼1
XM
j¼1
½Avijsjh þ Bvijcjhsix þ
XN
i¼j
XN
j¼1
XM
k¼l
XM
l¼1
ðCvijklslhskh þDvijklclhckhÞsixsjx
þ
XN
i¼1
XN
j¼1
XM
k¼1
XM
l¼0
ðEvijklsixsjx þHvijklcixcjxÞclhskh þ
XN
i¼j
XN
j¼1
XM
k¼l
XM
l¼1
ðFvijklslhskh þGvijklclhckhÞcixcjx
þ
XN
i¼j
XN
j¼1
XM
k¼1
ðDvijk0sixsjx þGvijk0cixcjxÞckh; ðA:5Þwhere Fviikk ¼ 0. The coeﬃcients Au;vij , Bu;vij , Cu;vijkl, Du;vijkl, Eu;vijkl, Fu;vijkl, Gvijkl, Hvijkl (for readability the time dependency
of these coeﬃcients is omitted) depend on the dofs Qs;cij ðtÞ from Eq. (10), the imperfection parameters ei from
Eq. (11) and the constants as present in Eqs. (10 and 11). These coeﬃcients are solved by substituting Eqs.
(A.4 and A.5) into Eqs. (A.2 and A.3), respectively, and setting the coeﬃcients of each unique combination
of (goniometric) functions present in the resulting expressions to zero. For illustration, the particular solutions
for an expansion of w with N ¼ M ¼ 1 (see Eq. (10)) and w0 ¼ 0 [m] are supplied in Appendix B.
The particular solutions (Eqs. (A.4 and A.5)) do not yet satisfy the boundary conditions Eq. (3). Therefore,
additionally the homogeneous solutions (uh and vh) are solved such, that the total solutions Eqs. (A.1) satisfy
exactly the boundary conditions. The homogeneous solutions are determined by considering the coupled in-
plane equilibrium equations (Eqs. (7 and 8)) for w ¼ w0 ¼ 0 [m];2Ru;xx þ
1 m
R
u;hh þ ð1þ mÞv;hx ¼ 0;
ð1 mÞRv;xx þ
2
R
v;hh þ ð1þ mÞu;hx ¼ 0:
ðA:6ÞThe homogeneous solutions consist of two parts, uh ¼ uIh þ uIIh and vh ¼ vIh þ vIIh . The ﬁrst parts (uIh and vIh) cor-
rect for the boundary conditions in u, the second part (uIIh and v
II
h ) corrects for the boundary conditions in v.
Evaluating Eq. (A.4) at x ¼ 0 and x ¼ L results in expressions in terms of Auij and Buij. The homogeneous solu-
tions which cancel out these terms, readuIhðt; x; hÞ ¼
XM
j¼0
½f uj ðxÞ sinðjnhÞAj þ guj ðxÞ cosðjnhÞBj; ðA:7Þ
vIhðt; x; hÞ ¼
XM
j¼0
½gvjðxÞ sinðjnhÞBj þ f vj ðxÞ cosðjnhÞAj; ðA:8Þwhere Aj ¼
PN
i¼1A
u
ij, Bj ¼
PN
i¼1B
u
ij and f
u;v
j ðxÞ and gu;vj ðxÞ are unknown axial distributions which satisfyðA:9ÞSubstituting Eqs. (A.7 and A.8) in Eq. (A.6), and setting each coeﬃcient of Aj and Bj to zero, results in cou-
pled sets of ODE’s in terms of f u;vj ðxÞ and gu;vj ðxÞ. These sets of ODE’s in combination with the boundary con-
ditions Eq. (A.9) are solved using the symbolic ODE solver dsolve (Maplesoft, 2005). An important feature
of the homogeneous solution uIh is that it includes a ﬁrst order polynomial in x (see Eq. (A.7))uIhðt; x; hÞ ¼ uIah ðt; x; hÞ þ
XN
i¼1
Bui0 þ
XN
i¼1
Bui0ðcosðipÞ  1Þ þUtðtÞ
" #
x
L
; ðA:10Þ
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the (unknown) axial displacement of the top mass relative with respect to UbðtÞ, i.e.UtðtÞ ¼ uðt; L; hÞ: ðA:11Þ
Evaluating Eq. (A.5) at x ¼ 0 and x ¼ L results in expressions in terms of Fvijkl, Gvijkl and Hvijkl terms. The
homogeneous solutions which cancel out these terms, readuIIh ðt; x; hÞ ¼
XM
k¼l
XM
l¼1
quklðxÞ sinððl kÞnhÞAIIkl þ ruklðxÞ sinððlþ kÞnhÞBIIkl

þ suklðxÞ cosððl kÞnhÞCIIkl þ tuklðxÞ cosððlþ kÞnhÞDIIkl þ puk0ðxÞ sinðknhÞEIIk0

;
vIIh ðt; x; hÞ ¼
XM
k¼l
XM
l¼1
qvklðxÞ cosððl kÞnhÞAIIkl þ rvklðxÞ cosððlþ kÞnhÞBIIkl

þ svklðxÞ sinððl kÞnhÞCIIkl þ tvklðxÞ sinððlþ kÞnhÞDIIkl þ pvk0ðxÞ cosðknhÞEIIk0

;
ðA:12Þwhere AIIkl ¼ 12
PN
i¼j
PN
j¼1F
v
ijkl þGvijkl, BIIkl ¼ 12
PN
i¼j
PN
j¼1G
v
ijkl  Fvijkl, CIIkl ¼ DIIkl ¼ 12
PN
i¼1
PN
j¼1H
v
ijkl, E
II
k0 ¼
PN
i¼j
PN
j¼1
Gvijk0 and the unknown axial distributions satisfyðA:13ÞFor illustration, the homogeneous solutions for an expansion of w with N ¼ M ¼ 1 (see Eq. (10)) and w0 ¼ 0
[m] are supplied in Appendix B. Adding the homogenous solutions to the particular solutionsuðt; x; hÞ ¼upðt; x; hÞ þ uIhðt; x; hÞ þ uIIh ðt; x; hÞ; ðA:14Þ
vðt; x; hÞ ¼vpðt; x; hÞ þ vIhðt; x; hÞ þ vIIh ðt; x; hÞ; ðA:15Þresults in expressions for the in-plane ﬁelds which satisfy exactly the in-plane equilibrium equations (Eqs. (7
and 8)) and the in-plane boundary conditions (Eq. (3)). Moreover, the continuity in h for all displacement
ﬁelds is satisﬁed.
Appendix B. Expressions in-plane ﬁelds for N ¼M ¼ 1
For illustration, the particular solutions for u and v are reported here for the expansion of w with
N ¼ M ¼ 1 and for the case without initial radial imperfection (w0 ¼ 0 [m]). Adopting the same abbreviations
as used in Eqs. (A.4 and A.5), the expression for w takes the formwðt; x; hÞ ¼ Qc10s1x þQs11s1xs1h þQc11s1xc1h: ðB:1Þ
The corresponding particular solutions of Eqs. (A.2 and A.2) readupðt; x; hÞ ¼ Au11c1xs1h þ Bu10c1x þ Bu11c1xc1h þ Cu1111s21hc1xs1x þDu1100c1xs1x þDu1110c1hc1xs1x
þDu1111c21hc1xs1x þ Eu1110s1hc1xs1x þ Eu1111s1hc1hc1xs1x; ðB:2Þ
vpðt; x; hÞ ¼ Av11s1hs1x þ Bv11c1hs1x þ Cv1111s21hs21x þDv1110c1hs21x þDv1111c21hs21x þ Ev1110s1hs21x
þ Ev1111s1hc1hs21x þGv1110c1hc21x þGv1111c21hc21x þHv1110s1hc21x þHv1111s1hc1hc21x ðB:3Þwith
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Bu11 ¼ u3Qc11; Cu1111 ¼ u4ðQs11Þ2 þ u5ðQc11Þ2 þ u6ðQs11Þ2;
Du1100 ¼ u7ðQc10Þ2; Du1110 ¼ u8Qc10Qc11;
Du1111 ¼ u9ðQs11Þ2 þ u10ðQc11Þ2 þ u11ðQc11Þ2 Eu1110 ¼ u12Qc10Qs11;
Eu1111 ¼ u13Qs11Qc11:
Av11 ¼ v1Qc11; Bv11 ¼ v2Qs11;
Cv1111 ¼ v3Qs11Qc11; Dv1110 ¼ v4Qs11Qc10;
Dv1111 ¼ v5Qs11Qc11; Ev1110 ¼ v6Qc11Qc10;
Ev1111 ¼ v7ðQc11Þ2 þ v8ðQs11Þ2 þ v9ðQc11Þ2; Gv1110 ¼ v10Qs11Qc10;
Gv1111 ¼ v11Qs11Qc11; Hv1110 ¼ v12Qc11Qc10;
Hv1111 ¼ v13ðQc11Þ2 þ v14ðQs11Þ2:
ðB:4Þwhere ui and vi are constants depending on L, n, m and R. These constants are not reported here for the sake of
brevity.
The homogeneous solutions of Eq. (A.6) readuhðt; x; hÞ ¼ ðu14s1hAu11 þ u15c1hBu11 þ u16s1hGv1110 þ u17c1hHv1110Þe
nx
Rð Þ
þ ðu18s1hAu11 þ u18c1hBu11 þ u19s1hGv1110 þ u10c1hHv1110Þe
nx
Rð Þ þ ðu20s2hGv1111 þ u21c2hHv1111Þe
2nx
Rð Þ
þ u22s2hGv1111 þ u23c2hHv1111e
2nx
Rð Þ  Bu10 þ ðUt  2Bu10Þx=L: ðB:5Þ
vhðt; x; hÞ ¼ ðv15c1hAu11 þ v16s1hBu11 þ v17Gv1110c1h þ v10Hv1110s1hÞe
nx
Rð Þ
þ ðv18c1hAu11 þ v19s1hBu11 þ v20Gv1110c1h þ v11Hv1110s1hÞe 
nx
Rð Þ
þ ðv21c2hGv1111 þ v22s2hHv1111Þe 
2nx
Rð Þ þ ðv23c2hGv1111 þ v24s2hHv1111Þe
2nx
Rð Þ ðB:6Þwhere ui and vi are constants depending on L, n, m and R (similar as in Eq. (B.4)). Again, these constants are
not reported here for the sake of brevity.
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